We investigate the steady-state spin diffusion for ultracold spin-orbit coupled 40 K gas by the kinetic spin Bloch equation approach both analytically and numerically. Four configurations, i.e., the spin diffusions along two specific directions with the spin polarization perpendicular (transverse configuration) and parallel (longitudinal configuration) to the effective Zeeman field are studied. It is found that the behaviors of the steady-state spin diffusion for the four configurations are very different, which are determined by three characteristic lengths: the mean free path lτ , the Zeeman oscillation length lΩ and the spin-orbit coupling oscillation length lα. It is analytically revealed and numerically confirmed that by tuning the scattering strength, the system can be divided into five regimes: I, weak scattering regime (lτ lΩ, lα); II, Zeeman field-dominated moderate scattering regime (lΩ ≪ lτ ≪ lα); III, spin-orbit coupling-dominated moderate scattering regime (lα ≪ lτ ≪ lΩ); IV, relatively strong scattering regime (l c τ ≪ lτ ≪ lΩ, lα); V, strong scattering regime (lτ ≪ lΩ, lα, l c τ ), with l c τ representing the crossover length between the relatively strong and strong scattering regimes. In different regimes, the behaviors of the spacial evolution of the steadystate spin polarization are very rich, showing different dependencies on the scattering strength, Zeeman field and spin-orbit coupling strength. The rich behaviors of the spin diffusions in different regimes are hard to be understood in the framework of the simple drift-diffusion model or the direct inhomogeneous broadening picture in the literature. However, almost all these rich behaviors can be well understood from our modified drift-diffusion model and/or modified inhomogeneous broadening picture. Specifically, several anomalous features of the spin diffusion are revealed, which are in contrast to those obtained from both the simple drift-diffusion model and the direct inhomogeneous broadening picture.
I. INTRODUCTION
In recent years, spin dynamics including spin relaxation and spin diffusion/transport is extensively studied in both Bose [1] [2] [3] [4] [5] [6] [7] [8] and Fermi 9-32 cold atoms. For the Bose system, the spin dynamics of the Bose-Einstein condensation has attracted much attention. [1] [2] [3] [4] [5] [6] [7] [8] For the Fermi cold atoms, the systems without [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and with [26] [27] [28] [29] [30] [31] [32] spin-orbit coupling (SOC) are extensively investigated. In the absence of the SOC, many interesting phenomena, such as the Leggett-Rice effect in unitary gas [17] [18] [19] [20] [21] and anomalous spin segregation in extremely weak scattering limit, [22] [23] [24] [25] have enriched the understanding of the spin dynamics of Fermions. With the synthetic SOC experimentally realized by laser control technique in cold atoms, 7, 8, 26, 27 the spin relaxation for the Fermi cold atoms with SOC has been studied both experimentally [26] [27] [28] and theoretically. [29] [30] [31] [32] This is partly motivated by the wellcontrolled laser technique, which provides more freedom for the cold atoms than the conventional solids. On one hand, rich regimes can be realized by tuning the SOC strength; on the other hand, not only the interatom interaction can be tuned by the Feshbach resonance, 33 but also the atom-disorder interaction can be introduced and controlled by the speckle laser technique.
34-37
The experimentally realized effective Zeeman field and SOC provide an effective magnetic field, which reads 7, 26, 27 Ω(k) = (Ω, 0, δ + αk x ).
(1)
In above equation, k = (k x , k y , k z ) denotes the centerof-mass momentum of the atom; Ω acts as an effective Zeeman field along thex-direction; δ is the Raman detuning, which is set to be zero in our work; Ω z (k) = αk x represents the k-dependent effective magnetic field along theẑ-direction, which is perpendicular to the Zeeman field, with |α| being the strength of the spin-orbit coupled field. With this specific effective magnetic field Ω(k) by setting δ = 0, it has been revealed that both the conventional 29, 30, 32 and anomalous 31, 38, 39 D'yakonov-Perel' (DP) 40 spin relaxations can be realized with |Ω z (k)| Ω and |Ω z (k)| ≪ Ω, respectively. For the conventional situation, in the strong (weak) scattering limit when |Ω(k)| τ i.e., the anomalous EY-like and the normal strong scattering regimes. 38 In contrast to the spin relaxation, the study for the spin diffusion in cold atoms with SOC has not yet been reported in the literature. However, the experimental configuration realized by Brantut et al., 43 for the "charge" diffusion of cold atoms can be applied to the spin diffusion straightforwardly. In their experiment, by adding the "barrier" laser in the middle of the cold atoms, the system is separated to the left and right parts. In the left part, the spin-polarized cold atoms can be prepared; [26] [27] [28] 32 whereas in the right part, the system remains in the equilibrium state. Specifically, the atom densities in the left and right parts are prepared to be the same. With the SOC introduced to the right part, [26] [27] [28] 32 i.e., the spin diffusion region, by removing the "barrier" laser, this configuration can be used to study spin diffusion along one direction for the three dimensional (3D) Fermi gas with SOC.
In the coordinate defined in Eq. (1), there are two specific configurations with the spin diffusions along thê x-andŷ-directions, respectively. Accordingly, in the scattering-free situation, the k-dependent spin precession frequencies in the spacial domain, i.e., the inhomogeneous broadening, 44, 51 in the steady-state spin diffusion along thex-andŷ-directions are determined by
respectively. 52, 53 Here, m is the atom mass. From Eq. (2) [Eq. (3) ], it can be seen that in contrast to the spin relaxation in the time domain, in inhomogeneous broadening in the spacial domain, the original k-independent Zeeman field Ω becomes k-dependent, whereas the k-dependent spin-orbit coupled field mαk x becomes k-independent (remains k-dependent). Hence, for the spin diffusion along thex-direction, the inhomogeneous broadening ω x (k) is similar to the one for spin relaxation in time domain Ω(k) with one k-independent magnetic field perpendicular to another k-dependent one. Accordingly, rich regimes may exit in the steady-state spin diffusion along thex-direction for both the spin polarizations perpendicular and parallel to the Zeeman field. Whereas for the spin diffusion along theŷ-direction, from the different inhomogeneous broadenings in Eqs. (2) and (3), its behavior should be very different from the one along thê x-direction.
In the present work, we investigate the steady-state spin diffusion for the 3D ultracold spin-orbit coupled 40 K gas by the kinetic spin Bloch equation (KSBE) approach 44 both analytically and numerically. Four configurations, i.e., the spin diffusion along thex-and y-directions for the spin polarization P perpendicular (P ẑ, transverse configuration) and parallel (P x, longitudinal configuration) to the Zeeman field are studied. It is shown analytically that the behaviors of the steadystate spin diffusion for the four configurations are very different, which are determined by three characteristic lengths: the mean free path l τ = kτ k /m, the Zeeman oscillation length l Ω = k/( √ 3mΩ) and the SOC oscillation length l α = 1/(m|α|). The spin diffusion lengths for the spin diffusions in the four configurations are derived in the strong scattering regime, which are then extended to the weak scattering one. We further find that by dividing the system into different regimes, the complex analytical results can be reduced to extremely simple forms. It is revealed that by tuning the scattering, the system can be divided into five regimes: I, weak scattering regime (l τ l Ω , l α ); II, Zeeman field-dominated moderate scattering regime (l Ω ≪ l τ ≪ l α ); III, SOC-dominated moderate scattering regime (l α ≪ l τ ≪ l Ω ); IV, relatively strong scattering regime (l c τ ≪ l τ ≪ l Ω , l α ); V, strong scattering regime (l τ ≪ l Ω , l α , l c τ ). Here, l c τ represents the crossover length between the relatively strong and strong scattering regimes. In different regimes, the behaviors of the spacial evolution of the steady-state spin polarization are very rich, showing different dependencies on the scattering strength, Zeeman field and SOC strength. These dependencies are summarized in Tables I and II for the spin diffusions along thex-andŷ-directions, respectively.
The rich behaviors of the spin diffusions in different regimes are hard to be understood in the framework of the previous simple drift-diffusion model [45] [46] [47] [48] [49] [50] or the direct inhomogeneous broadening [Eqs. (2) and (3)] picture 44, [51] [52] [53] [54] in the literature. In the simple driftdiffusion model, there are only two rather than five regimes: the strong scattering regime with l s ∝ 1/(m|α|) and the weak scattering regime with l s ∝ k √ τ k /m. In the present work, it is found that the behaviors of the spin diffusions can be analyzed in the situation either with strong Zeeman and weak spin-orbit coupled fields (Regimes II and V) or weak Zeeman and strong spinorbit coupled fields (Regimes III and IV). Accordingly, our previous inhomogeneous broadenings [Eqs. (2) and (3)] should be extended to the effective ones. It is found that when the spin polarization is parallel to the larger field between the Zeeman and spin-orbit coupled fields, the spin polarization cannot precess around the effective inhomogeneous broadening fields efficiently. In this situation, the previous drift-diffusion model is applicable but τ s (k) modified as follows (modified drift-diffusion model). In the strong scattering regime, τ s (k) remains the SRT in the conventional DP mechanism; 29, 30, 32, 44 whereas in the moderate scattering regime, τ s (k) is replaced by the helix spin-flip rates determined in the helix space. 31, 39 When the spin polarization is perpendicular to the larger field between the Zeeman and spin-orbit coupled fields, the spin polarization can rotate around the effective inhomogeneous broadening fields efficiently. Hence, the behavior of the spin diffusion is determined by the effective inhomogeneous broadenings together with the spinconserving scattering (modified inhomogeneous broadening picture). Based on the modified drift-diffusion model and modified inhomogeneous broadening picture, apart from Regime IV, all the features in different regimes can be well obtained.
Several anomalous features of the spin diffusion, which are in contrast to those obtained from both the simple drift-diffusion model and the direct inhomogeneous broadening picture, are revealed. In the scattering strength dependence, it is found that when l α ≪ l Ω , the longitudinal spin diffusion along theŷ-direction is robust against the scattering in a wide range including both the strong and weak scattering regimes. In the Zeeman field dependence, when the system is in Regime II, the longitudinal spin diffusion is enhanced by the Zeeman field. In the SOC strength dependence, we find that the spin diffusion length can be also enhanced by the SOC in Regime III. All these anomalous behaviors have been well understood from our modified drift-diffusion model and/or modified inhomogeneous broadening picture. This paper is organized as follows. In Sec. II, we set up the model and KSBEs. In Sec. III, we show the analytical results for the transverse and longitudinal spin diffusion along thex-andŷ-directions. Different dependencies of the spin diffusion length on the mean free path, Zeeman oscillation length and SOC oscillation length are revealed. In Sec. IV, both the analytical and numerical calculations for the steady-state spin diffusion in 3D isotropic speckle disorder are presented. Specifically, the disorder strength (Sec. IV A), Zeeman field strength (Sec. IV B) and SOC strength (Sec. IV C) dependencies are discussed. We conclude and discuss in Sec. V.
II. MODEL AND KSBES
With the 3D disordered speckle potential introduced to the spin diffusion region, [34] [35] [36] [37] the Hamiltonian of the spin-orbit coupled ultracold atom, which is composed by the effective HamiltonianĤ 0 , 26,27 the disordered speckle potential U (r), [34] [35] [36] [37] 43 and the interatom interactionĤ int , is written aŝ
The effective Hamiltonian consists of the kinetic energy of the atom and the SOC ( ≡ 1),
with σ being the vector composed of the Pauli matrices. The interaction HamiltonianĤ int is approximated by the s-wave interatom scattering. 30, [55] [56] [57] [58] In our study, the scattering length is tuned to be zero by the Feshbach resonance, [33] [34] [35] [36] [37] 43 and henceĤ int is absent in our following discussion.
The KSBEs, derived via the nonequilibrium Green function method with the generalized Kadanoff-Baym Ansatz, 44, 51, [59] [60] [61] are utilized to study the spin diffusion in the ultracold Fermi gas:
In these equations, ρ k (r, t) represent the density matrices of atom with momentum k at position r = (x, y, z) and time t, in which the diagonal elements ρ k,σσ describe the atom distribution functions and the off-diagonal elements ρ k,σ−σ represent the correlation between the spin-up and down states. For the quasi-one dimensional spin diffusion, the diffusion term is written as
with ζ = x or y for the spin diffusion along thex-or y-direction, respectively. The coherent term is given by
where [ , ] denotes the commutator.
The scattering terms ∂ t ρ k (r, t)| scat represent the atomdisorder scattering. 37 In our study, the effective Zeeman splitting energy and the SOC energy are much smaller than the Fermi energy. 62 Hence the atom-disorder scattering reads
where
In Eq. (10), U 0 is the average value of the disorder potential. For the 3D isotropic disordered speckle,
where V R is the potential amplitude and σ R denotes the radius of the auto-correlation function of the laser. In our model, with the same atom densities and hence the same chemical potentials in the left and right parts of the system, there is no "charge" diffusion in the system. The spin polarization at the boundary between the left and right parts of the system is approximately treated to be fixed.
III. ANALYTICAL RESULTS
In this section, we analytically study the steady-state spin diffusion along thex-andŷ-directions in cold atoms with the atom-disorder scattering [Eq. (9) ]. Both the situations with spin polarization perpendicular (P||ẑ) and parallel (P||x) to the Zeeman field are analyzed.
In the steady state, the KSBEs are written as
where 
A. Spin diffusion along thex-direction
When the spin diffusion is along thex-direction, by taking the steady-state condition, the Legendre components of the azimuth-angle-averaged density matrix [Eq. (A2)] with respect to the zenith angle θ k are given by
in which the momentum relaxation time is denoted by (14) with P l (cos θ) being the Legendre function. By keeping both the zeroth and first orders (l = 0, 1), the analytical solution for the spin polarization is obtained from Eq. (13) (refer to Appendix A 1). It is found that for both the spin polarization in the transverse (x-T) or longitudinal (x-L) configuration, the spin polarization is limited by one oscillation decay together with one single exponential decay, i.e., (15) with ξ = t (transverse) or l (longitudinal). In Eq. (15), A ξ and B ξ are the amplitudes for the oscillation and single exponential decays, respectively, which are determined by the boundary condition; L . However, when the system is in the strong (l τ ≪ l Ω , l α ) and moderate (l Ω ≪ l τ ≪ l α or l α ≪ l τ ≪ l Ω ) scattering regimes, it is found that the analytical results can be reduced to simple forms, which can describe the behavior of the spin diffusion quite well (Sec. IV).
Specifically, for the oscillation decay,
The corresponding oscillation length
From Eq. (17), one further notes that l Ω and l α correspond to the spacial oscillation length due the Zeeman and spin-orbit coupled fields. Because of this, we refer to l Ω and l α as Zeeman and SOC oscillation lengths, respectively. For the single exponential decay, the diffusion length reads
From these simple dependencies of the spin diffusion length on the mean free path, the Zeeman oscillation length and the SOC oscillation length, the behavior of the steady-state spin polarization shown in Eq. (15) 
both the oscillation decay and single exponential decay are important, but with similar decay length. Otherwise, the spin polarization can be approximately reduced to one oscillation or single exponential decay, which depends on its amplitude in the spin polarization. In different regimes, the different behaviors for the steady-state spin polarization are analyzed as follows. In the Zeemanfield (SOC) dominated moderate scattering regime with 
which is referred to as the crossover length between the relatively strong and strong scattering regimes. Accordingly, when
, the steady-state spin polarization is approximated by a single exponential/oscillation (oscillation/single exponential) decay in the transverse/longitudinal situation.
Based on the above analysis, we summarize the behaviors of the steady-state spin polarization and the spin diffusion lengths in Table I for the two specific configurationsx-T andx-L in different regimes. As shown in the table, the system is divided into five regimes: I, weak scattering regime (l τ ≫ l Ω , l α ); II, Zeeman fielddominated moderate scattering regime (l Ω ≪ l τ ≪ l α ); III, SOC-dominated moderate scattering regime (l α ≪ l τ ≪ l Ω ); IV, relatively strong scattering regime
. In different regimes, it can be seen that the dependencies of the spin diffusion length on the scattering strength, the Zeeman field and SOC strength are very rich. Specifically, in the Zeeman field-(SOC-) dominated moderate scattering regime with l Ω ≪ l τ ≪ l α (l α ≪ l τ ≪ l Ω ), the longitudinal (longitudinal/transverse) spin diffusion is enhanced by the Zeeman field (SOC); whereas in the relatively strong (strong) scattering regime (l τ ≪ l α , l Ω ), the transverse (longitudinal) spin diffusion is determined by only the SOC oscillation length, but irrelevant to the Zeeman field with l τ ≫ l c τ,x (l τ ≪ l c τ,x ). The rich behaviors of the spin diffusions in different regimes are hard to be understood in the framework of the previous simple drift-diffusion model [45] [46] [47] [48] [49] [50] or the direct inhomogeneous broadening [Eqs. (2) and (3)] picture 44, [51] [52] [53] [54] in the literature. In the simple drift-diffusion model, there are only two rather than five regimes: the strong scattering regime with l s ∝ 1/(m|α|) and the weak scattering regime with l s ∝ k √ τ k /m. In the direct inhomogeneous broadening picture, from Eq. (2), the Zeeman field (SOC) can (cannot) provide the inhomogeneous broadening. Hence, it seems that the spin diffusion can be suppressed by the Zeeman field, but irrelevant to the SOC. Below, we extend our previous inhomogeneous broadenings [Eqs. (2) and (3)] to the effective ones. We will show that based on the effective inhomogeneous broadening, apart from Regime IV, the above anomalous behaviors of the spin diffusion can be understood from the view point of the helix representation. 31, 39 In the helix space, apart from the spin-conserving scattering [ 
When the system is in Regime II, the Zeeman fielddominated moderate scattering regime (l Ω ≪ l τ ≪ l α ) or Regime V, the strong scattering regime (l τ ≪ l α , l Ω ≪ l c τ,x ), the condition l Ω ≪ l α is satisfied. Therefore, both the transverse and longitudinal spin diffusions can be understood in the limit with strong Zeeman and weak spin-orbit coupled fields. In this situation, the effective inhomogeneous broadening field is given by
being nearly parallel tox. Under this effective field, the behaviors of the spin precession in the spacial domain for the transverse and longitudinal spin diffusions can be obtained, as schematically shown in Fig. 1 . In this figure, for the transverse spin diffusion, the spin polarization is perpendicular to the strong Zeeman field and hence ω x eff (k) approximately. During the scattering, the spin vectors rotate around the effective inhomogeneous broadening field ω x eff (k) fast. Moreover, the scattering can also influence the spin diffusion. In the helix space, as mentioned above, apart from the original spin-conserving scattering, there exist the helix spin-flip scattering and helix coherence processes. However, with the helix spinflip rate α 2 k 2 /(Ω 2 τ k ) ≪ 1/τ k and helix coherence rate αk/(Ωτ k ) ≪ 1/τ k when Ω ≫ αk, both the helix spinflip scattering and helix coherence can be neglected. In this situation, the effective inhomogeneous broadening together with the spin-conserving scattering determines the behavior of the spin diffusion. We refer to this picture as the modified inhomogenous broadening picture. For the longitudinal situation, the spin polarization is nearly parallel to ω x eff (k), and hence the effective inhomogeneous broadening cannot cause the spin precession effectively. In this situation, the spin diffusion can be understood from the drift-diffusion model 45-50 modified as follows. The diffusion length
is the diffusion coefficient with v F being the Fermi velocity. The SRT is analyzed in the helix space. First of all, for the longitudinal situation here, the helix coherence term has no contribution to the spin relaxation. In this situation, there exit two channels influencing the spin relaxation: (i), the effective inhomogenous broadening together with the spin-conserving scattering; (ii), the helix spin-flip scattering. 31, 39 In the strong scattering regime, both channels (i) and (ii) are important for the spin relaxation, in which τ s (k) remains the SRT in the conventional DP mechanism. 29, 30, 32, 44 In the moderate scattering regime, channel (ii) is dominant for the spin relaxation, and hence τ s (k) is replaced by the helix spin-flip rates determined in the helix space.
31,39
We refer to the above pictures as modified drift-diffusion model. Accordingly, in the moderate scattering regime, the dependence of the helix spin-flip rate on the scattering strength, the Zeeman field and SOC strength disclosed in our previous works 31, 38, 39 can also influence the spin diffusion.
Specifically, in the Zeeman field-dominated moderate scattering regime (l Ω ≪ l τ ≪ l α ), i.e., Regime II, the Zeeman oscillation length is the shortest length scale in the spin diffusion, which determines the behavior of spin precession in the spacial domain during the scattering. When the spin polarization is perpendicular to the Zeeman field (transverse configuration), the spin vector approximately precesses around mΩ/k xx ′ , leading to the spacial oscillations with the period proportional to (17)]. Moreover, due to the fast spacial oscillations with the strong Zeeman field, the spin memory is lost during one spin-conserving scattering, with the diffusion length being approximately the mean free path (L Table I ). When the spin polarization is parallel to the Zeeman field (longitudinal configuration), the effective inhomogeneous broadening ω x eff (k) cannot cause spin precession efficiently and the steady-state spin polarization decays without any oscillation. The spin diffusion can be understood from the modified drift-diffusion model. [45] [46] [47] [48] [49] [50] Specifically, the helix spin-flip rate is calculated to be α 2 k 2 /(2Ω 2 τ k ) in the moderate scattering situation. 31, 38, 39 Accordingly, the spin diffusion length in the modified drift-diffusion model is given by Table I . Specifically, one notes that due to the suppression of the spin relaxation by the Zeeman field, the longitudinal spin diffusion length is enhanced by the Zeeman field.
In Regime V, the strong scattering regime (l τ ≪ l α , l Ω , l c τ,x ), we consider a limit situation with the Zeeman field much stronger than the spin-orbit coupled one
. The effective inhomogeneous broadening is given by Eq. (20) . For the transverse spin diffusion, because the inhomogeneous broadening given by the Zeeman field is dominant, the spin diffusion length is suppressed by the Zeeman field, but less influenced by the SOC. Moreover, during the diffusion, the atoms experience several spin-conserving scatterings, which suppress the spin diffusion. Accordingly, we obtain a reasonable Table I . For the longitudinal spin diffusion, the inhomogeneous broadening cannot cause the spin precession efficiently, with the steady-state spin polarization showing single exponential decay. Hence, the modified drift-diffusion model can be used. [45] [46] [47] [48] [49] [50] With the SRT in the strong scattering Table I ). Therefore, the longitudinal spin diffusion length depends only on the SOC oscillation length.
31,45-50
When the system lies in Regime III, the SOCdominated moderate scattering regime (l α ≪ l τ ≪ l Ω ) and Regime IV, the relatively strong scattering regime (l c τ,x ≪ l τ ≪ l α , l Ω ), the spin-orbit coupled field is much stronger than the Zeeman one. In this situation, the effective inhomogeneous broadening field reads
is parallel toẑ approximately. The analysis is similar to the situation with strong Zeeman and weak spin-orbit coupled fields. One obtains that for the transverse (longitudinal) spin diffusion, the spin polarization is nearly parallel (perpendicular) to ω ′ x eff (k), which cannot (can) cause efficient spin precession. These pictures are summarized in Fig. 2 . Therefore, the behavior of the trans- verse spin diffusion can be understood from the modified drift-diffusion model; [45] [46] [47] [48] [49] [50] whereas the longitudinal spin diffusion can be analyzed from the features of the precession of the spin vectors around ω ′ x eff (k). Specifically, in Regime III, i.e., the SOC-dominated moderate scattering regime (l α ≪ l τ ≪ l Ω ), in the transverse configuration, the modified drift-diffusion model is used to understand the spin diffusion. [45] [46] [47] [48] [49] [50] In the helix representation, the helix spin-flip rate is proportional to Ω 2 /(α 2 k 2 τ k ) approximately. 31, 38, 39 The corresponding spin diffusion length is proportional to l τ l Ω /l α , which is consistent with L Table I . Consequently, one observes that the spin relaxation is suppressed by the spin-orbit coupled field, and the transverse spin diffusion length is enhanced by the SOC. In the longitudinal configuration, with m|α| ≫ mΩ 2 /(2|α|k 2 x ), the spin polarization evolves with oscillations in the spacial domain, whose oscillation length is l
eff (k) can cause the inhomogeneous broadening. Therefore, it can be expected that the longitudinal spin diffusion length is inversely proportional (proportional) to the Zeeman field (SOC). Moreover, the spin-conserving scattering can suppress the spin diffusion in the modified inhomogeneous broadening picture. These analysis are consistent with L Table I . In Regime IV, the relatively strong scattering regime (l c τ,x ≪ l τ ≪ l α , l Ω ), for the transverse spin diffusion, from the modified drift-diffusion model, [45] [46] [47] [48] [49] [50] Table I ). For the longitudinal spin diffusion, one expects that the modified inhomogeneous broadening picture can be applied. However, this picture fails to explain the behavior of the longitudinal spin diffusion. It can be seen from Eq. (21) that both the spin-orbit coupled and Zeeman fields provide the inhomogeneous broadening [mΩ 2 /(2αk
. By further considering that the spin diffusion is suppressed by the spin-conserving scattering, it is obtained that the spin diffusion length is proportional to the SOC strength, but inversely proportional to the Zeeman field strength and scattering. However, in Table I 
√ 3 is irrelevant to the SOC strength. One further notices that Regime IV lies in the crossover region between the moderate and strong scattering regimes. When the scattering is relatively strong, the shortest length scale in the spin diffusion is the mean free path. However, there still exists strong competition between the effective inhomogeneous broadening and scattering, which makes the behavior of the spin diffusion complicated.
50,53,54
Finally, we address the behavior of the spin diffusion along thex-direction in the limit situation where the Zeeman field is zero. When Ω = 0, l Ω is infinite. The corresponding steady-state spin polarization shows very different behaviors compared to the situation with finite Zeeman field. In this situation, the transverse (longitudinal) spin diffusion length is infinite because ω ′ x eff (k) cannot cause inhomogeneous broadening. 54 Specifically, for the longitudinal situation, the spin polarization is perpendicular to the spin-orbit coupled field, spin helix establishes with the oscillation length being l α .
30,54

B. Spin diffusion along theŷ-direction
When the spin diffusion is along theŷ-direction, by taking the steady-state condition, the Fourier components of the azimuth-angle-averaged density matrix [Eq. (A2)] with respect to the zenith angle θ k are given by
in which the momentum relaxation time is denoted bỹ
One notes that by choosing the Legendre and Fourier expansions of the density matrix for the spin diffusions along thex-andŷ-directions, the definitions for the momentum scattering time τ k,l [Eq. (14) ] andτ k,l [Eq. (23)] are different. However, when l = 1, the two definitions are the same. By keeping both the zeroth and first orders (l = 0, 1), the analytical solutions for both the spin polarization perpendicular (ŷ-T) and parallel (ŷ-L) to the Zeeman field are obtained (refer to Appendix A 2).
When the spin polarization is perpendicular to the Zeeman field, in the moderate and strong scattering regimes, similar to the spin diffusion along thex-direction (Table I), the behaviors of the steady-state spin polarization are different with different scattering strengths. When the scattering is relatively weak, which satisfies l τ > l c τ,y
, the steady-state spin polarization for S y T is limited by the bi-exponential decay, i.e.,
with L y,± T being the diffusion length. It is further demonstrated that when L 
τ,y is naturally (never) satisfied; in the strong scattering regime
τ,y , the diffusion length for S y T is written as
When the scattering is relatively strong, which satisfies l τ < l c τ,y , the transverse spin polarization in the steady state is determined by the oscillation decay, i.e.,
Here
and
respectively. When the spin polarization is parallel to the Zeeman field, it is found that the steady-state spin polarization is limited by the single exponential decay, i.e.,
Here, L y L = l α l 2 τ /(3l 2 Ω ) + 1 is the decay length for S y L . In the moderate and strong scattering regimes,
Based on the above results, in different regimes, the behaviors of the steady-state spin polarization and diffusion lengths are summarized in Table II for the two specific configurationsŷ-T andŷ-L. From Table II , it can be seen that the spin diffusion along theŷ-direction is divided into similar five regimes as the spin diffusion along thex-direction. The anomalous behaviors for the spin diffusion along thex-direction also exist here. Nevertheless, new features arise in the spin diffusion along theŷ-direction. It is shown in Table II that in Regimes III, IV and V, the longitudinal spin diffusion length is only determined by the SOC oscillation length, but irrelevant to the scattering. This robustness to the scattering for the spin diffusion in a wide range is further revealed in the scattering dependence of the spin diffusion (Sec. IV A). Below, it is found that based on the modified drift-diffusion model and modified inhomogeneous broadening picture, apart from Regime IV, all the features in different regimes can be obtained. We first analyze Regime II, the Zeeman fielddominated moderate scattering regime (l Ω ≪ l τ ≪ l α ) and Regime V, the strong scattering regime (l τ ≪ l α , l Ω ≪ l c τ,y ). In these two regimes, with strong Zeeman and weak spin-orbit coupled fields, the effective inhomogeneous broadening field is written as
withx ′ nearly parallel tox. In Regime II, i.e., the Zeeman field-dominated moderate scattering regime (l Ω ≪ l τ ≪ l α ), when the spin polarization is perpendicular to the Zeeman field (transverse configuration), in the spacial domain, the spin vectors precess approximately around (mΩ/k y )x ′ , which causes spacial oscillations whose period is proportional to |k y | /(mΩ) [l y T ≈ 3/2l Ω in Eq. (28)]. Moreover, due to the fast spacial oscillations, the spin memory is lost during one scattering, and hence the spin diffusion length is the mean free path approximately (L y T ≈ √ 2l τ in Table II ). When the spin polarization is parallel to the Zeeman field (longitudinal configuration), the effective inhomogeneous broadening field ω y eff (k) cannot cause spin precession efficiently and the steady-state spin polarization decays without any oscillation. From the modified drift-diffusion model, [45] [46] [47] [48] [49] [50] as calculated in Sec. III A, Table II ]. In Regime V, i.e., the strong scattering regime (l τ ≪ l α , l Ω , l c τ,y ), we analyze the limit situation with strong Zeeman and weak spin-orbit coupled fields (l τ ≪ l α , l Ω ≪ l c τ,y ). For the transverse spin diffusion, the inhomogeneous broadening is dominantly determined by the Zeeman field [Eq. (31)]. Hence, the transverse spin diffusion length is suppressed by the Zeeman field, but less influenced by the SOC. Furthermore, during the diffusion, the spin-conserving scattering suppresses the spin diffusion (L y L ≈ √ 3l τ l Ω in Table II ). For the longitudinal spin diffusion, the inhomogeneous broadening cannot cause the spin precession efficiently (single exponential decay). According to the modified drift-diffusion model, the spin diffusion length depends only on the SOC oscillation length (L y T ≈ l α in Table I ). We then analyze Regime III, SOC-dominated moderate scattering regime (l α ≪ l τ ≪ l Ω ), and Regime IV,
whereẑ ′ is parallel toẑ approximately. In the SOCdominated moderate scattering regime (Regime III with l α ≪ l τ ≪ l Ω ), in the transverse configuration, the spin polarization is nearly parallel to ω ′ y eff (k). Therefore, the effective inhomogeneous broadening cannot cause the spin precession effectively (single exponential decay). From the modified drift-diffusion model, the diffusion length is proportional to l Ω l τ /l α , which is consistent with L Table II . In the longitudinal configuration, the steady-state spin polarization is perpendicular to ω ′ y eff (k) approximately. One notes that in ω ′ y eff (k), the spin-orbit coupled field (mαk x /k y )ẑ ′ provides the dominant inhomogeneous broadening. Moreover, this inhomogeneous broadening not only depends on k y but also k x , which can be more efficient than the one depending only on k x or k y . Due to this efficient inhomogeneous broadening, the steady-state spin polarization decays due to the interference without oscillation. Moreover, the spin memory can be lost in the scale of SOC oscillation length, which cannot persist in the mean free path (L y L ≈ l α in Table II ). This is different from the transverse spin diffusion in the Zeeman filed-dominated moderate scattering regime (l Ω ≪ l τ ≪ l α ).
In the relatively strong scattering regime (Regime IV with l c τ,y ≪ l τ ≪ l α , l Ω ). From Table II , one observes that the behaviors for both the transverse and longitudinal spin diffusions are similar to the ones in Regime III, i.e., the SOC-dominated moderate scattering regime (l α ≪ l τ ≪ l Ω ). We address that this behavior is hard to be understood from both the modified drift-diffusion model and modified inhomogeneous broadening picture. For the transverse spin diffusion, the spin polarization is nearly parallel to (mαk x /k y )ẑ ′ , and hence the spin diffusion length is √ 2l α / √ 3 from the modified drift-diffusion model. For the longitudinal spin diffusion, the spin polarization is perpendicular to the inhomogeneous broadening field (mαk x /k y )ẑ ′ approximately, and hence the SOC can suppress the spin diffusion. Moreover, the spinconserving scattering can suppress the longitudinal spin diffusion. From this analysis, the longitudinal spin diffusion length is suppressed by the SOC strength and scattering, but irrelevant to the Zeeman field (modified inhomogeneous broadening picture). However, the pictures above fail to explain the transverse and longitudinal spin diffusion lengths for Regime IV in Table II with
This is because for the transverse situation, although the modified drift diffusion model can explain the spin diffusion along thê x-direction, it is too rough to consider the anisotropy between the diffusions along thex-andŷ-directions in the relatively strong scattering regime. This was first pointed out by Zhang and Wu in the study of the spin diffusion in graphene. 50 For the longitudinal spin diffusion, when the scattering is strong, the shortest length scale in the spin diffusion is the mean free path. In this situation, there exists strong competition between the effective inhomogeneous broadening and scattering, which makes the behavior of the spin diffusion complicated.
50,53,54
Finally, we emphasize that from Table II, for the transverse spin diffusion along theŷ-direction, in Regimes III, IV and V, the spin diffusion lengths are irrelevant to the scattering. Therefore, with weak Zeeman and strong spin-orbit coupled fields (l α ≪ l Ω ), a specific situation can be realized where the spin diffusion length is robust against the scattering except with the extremely weak scattering. It is noted that in the strong scattering regime, this feature was predicted in the simple driftdiffusion model [45] [46] [47] [48] [49] and was also revealed in graphene by the KSBE approach. 50 In this work, we have further extended it into the weak scattering regime.
IV. NUMERICAL RESULTS
In the numerical calculation, the KSBEs are solved by employing the double-side boundary conditions,
−1 is the Fermi distribution function at temperature T , with µ ↑,↓ standing for the chemical potentials determined by the atom density n a = k Tr[ρ k ] and the spin polarization P (0) in the left part of the system;n denotes the spin polarization direction; f 0 k is the Fermi distribution at equilibrium. When the system evolves to the steady state, one obtains the diffusion length from the spatial evolution of the spin polarization
Within the experimental feasibility by referring to the experiment by Wang et al., 26 the parameters are chosen as follows. The lowest two magnetic sublevels |9/2, 9/2 and |9/2, 7/2 are coupled by a pair of Raman beams with wavelength λ = 773 nm and the frequency difference ω/(2π) = 10.27 MHz. The Raman detuning δ = ω z − ω is set to be zero by choosing the Zeeman shift ω z /(2π) = 10.27 MHz. The recoil momentum and energy are set to be k r = k 0 /10 with k 0 = 2π/λ, and hence E r = k 2 r /(2m) = 2π × 83.4 Hz. In our study, the SOC strength varies from 0.5α 0 to 6α 0 with α 0 = −2k r /m. The strengths of the Zeeman field Ω vary from 10E r to 450E r . Furthermore, the Fermi momentum is set to be k F = 30k r . 26 It is noted that with these parameters, the condition that the Zeeman and SOC energies are much smaller than the Fermi energy is satisfied.
Moreover, the temperature is set to T = 0.3T F with T F being the corresponding Fermi temperature.
26
With these parameters, the thermal deBroglie wavelength Λ dB = h/ √ 2πmk B T ≈ 0.26 µm. For the 3D isotropic speckle disorder, V R /k B = 1250 nK and σ R = 0.27 µm. 34, 35 With these disorder parameters, the mean free path l τ ≈ 5 µm. In our study, the strength of the disorder strength V is tuned by the laser. [34] [35] [36] [37] 43 One notes that when (V /V R ) 2 20, l τ Λ dB . According to the Ioffe-Regel condition for the Anderson localization, 63 the Anderson localization may become relevant. Nevertheless, in our study, to compare with the analytical results in different regimes revealed in Sec. III, the numerical calculations are extended to (V /V R ) 2 ≫ 20.
A. Scattering strength dependence
In this part, we study the scattering strength dependence of the steady-state spin diffusion of spin-orbit coupled 40 K gas in the 3D isotropic speckle disorder. The SOC strength is set to be α 0 and the spin polarization is chosen to be P = 20%. For the spin diffusion along thê x-direction (ŷ-direction), both the transverse and longitudinal spin diffusion lengths L We first analyze the spin diffusion along thex-direction [Figs. 3(a) and (b)]. For the transverse spin diffusion, it can be seen from Fig. 3(a) that no matter the Zeeman field is strong with Ω = 450E r (the blue dashed curve with squares) or weak with Ω = 10E r (the red solid curve with circles), the transverse spin diffusion length L x T decreases with the increase of the disorder strength. The underlying physics can be understood as follows. We first calculate the characteristic lengths for the system defined in Sec. III: the SOC oscillation length l α ≈ 0.6 µm; the Zeeman oscillation length l Ω ≈ 0.1 µm (4 µm) for Ω = 450E r (10E r ); when Ω = 450E r (10E r ), the crossover length between the relatively strong and strong scattering regimes l
for Ω = 450E r (10E r ). Accordingly, with the increase of the disorder strength, the system experiences several regimes. For Ω = 450E r , the regimes are approximately divided into
which are labelled by the blue Roman numbers with the boundaries indicated by the blue crosses at the lower frame of Fig. 3(b) . Therefore, when (V /V R ) 2 8, the system is in Regime I, and our calculation shows that the transverse diffusion length decreases with the increase of the disorder strength. When 8
, the system lies in Regime II (V), and from Table I , one comes to L
with the steady-state spin polarization showing oscillation decay. Hence, the transverse spin diffusion length decreases with the increase of the disorder strength. One notes that the corresponding results calculated from the analytical formula Eq. (A10) (the green dot-dashed curve) agree with the numerical ones in Regimes II and V in Fig. 3(a) . For Ω = 10E r , the regimes are approximately divided into
which are shown by the red Roman numbers with the boundaries indicated by the red crosses at the upper frame of Fig. 3(a) . Specifically, in Regime I when (V /V R ) 2 1, it is shown that the transverse spin diffusion length decreases with the increase of the scattering strength. In Regime III (V) with 1 Table I , it is obtained that
with the steadystate spin polarization being single exponential (oscillation) decay. Hence, the transverse spin diffusion length decreases with the increase of disorder strength. One further notices that in Fig. 3(a) , the result calculated from the analytical formula Eq. (A10) (the orange dashed curve) agrees with the numerical one in Regime V. For the longitudinal spin diffusion along thexdirection, it can be seen from Fig. 3(b) that no mat-ter the Zeeman field is strong (450E r , blue dashed curve with squares) or weak (10E r , red solid curve with circles), with the increase of the disorder strength, the spin diffusion length decreases first and then becomes insensitive to the scattering. This can be understood as follows. With the increase of the disorder strength, the corresponding regimes can also be divided according to Eq. (34) [Eq. (35)] when Ω = 450E r (10E r ). Specifically, when (V /V R )
for Ω = 450E r (10E r ), the system is in Regime I, with the longitudinal spin diffusion suppressed by the scattering. When
for Ω = 450E r (10E r ), the system lies in Regime II (III), and one comes to L exponential decay) . Therefore, the longitudinal spin diffusion is suppressed first and then becomes insensitive to the scattering with the increase of the disorder strength. Also in Fig. 3(b) , for Ω = 450E r , it is shown that the results calculated from the analytical formula Eq. (A9) (the green dot-dashed curve) agrees with the numerical one in both Regimes II and V; for Ω = 10E r , the analytical results (the blue dashed curve) agree with the numerical ones in Regime V.
We then turn to the spin diffusion along theŷ-direction [ Figs. 3(c) and (d) ]. For the transverse spin diffusion, it is shown in Fig. 3(c) that for both the strong (450E r , blue dashed curve with squares) and weak (10E r , red solid curve with circles) Zeeman fields, the spin diffusion length decreases with the increase of the disorder strength. It is calculated that for Ω = 450E r (10E r ), l 
with the steady-state spin polarization showing oscillation decay. Therefore, with the increase of the scattering strength, the transverse spin diffusion is suppressed. When the Zeeman field is weak (10E r ), the regimes are approximately divided into
which are labelled by the red Roman numbers with the boundaries indicated by the red crosses at the upper frame of Fig. 3(c) . Specifically, when (V /V R ) 2 1, the transverse spin diffusion length decreases with the increase of the disorder strength. When 1 (V /V R )
with the steady-state spin polarization being single exponential (oscillation) decay. Therefore, the transverse spin diffusion length decreases with the increase of the disorder strength. Furthermore, it can be seen in Fig. 3(c) that the results calculated from the analytical formulas Eqs. (A19) and (A22) agree with the numerical ones in Regime V.
For the longitudinal spin diffusion along theŷ-direction, it is shown in Fig. 3(d) that with the increase of the scattering strength, for both the strong (450E r ) and weak (10E r ) Zeeman fields, the longitudinal spin diffusion length is suppressed first and then become insensitive to the scattering. Specifically, when Ω = 10E r (l α ≪ l Ω ), the longitudinal spin diffusion is robust against the scattering except with extremely weak scattering. Here, for the strong (weak) Zeeman field Ω = 450E r (10E r ), the regimes are divided according to Eq. (34) [Eq. (36)]. For the strong Zeeman field (450E r ), when (V /V R ) 2 8, the longitudinal spin diffusion is suppressed by the scattering.
with the steady-sate spin polarization being single exponential decay. Hence, the longitudinal spin diffusion length decreases first and then become insensitive to the scattering with the increase of the disorder strength. For the weak Zeeman field (10E r ), when (V /V R ) 2 1, our calculation shows that the longitudinal spin diffusion length decreases slowly with the increase of the disorder strength. When (V /V R ) 2 Table II that L y L ≈ l α (single exponential decay). Hence, the longitudinal spin diffusion length is insensitive to the scattering in a wide range. Moreover, it is shown in Fig. 3(d) that the results calculated from the analytical formula Eq. (A15) agree with the numerical ones in both the moderate and strong scattering regimes.
1, one obtains from
Finally, we address the specific features in the scattering strength dependence of the transverse and longitudinal spin diffusions along thex-andŷ-directions. Our calculations show that in the weak (l τ l Ω , l α ) scattering regime (Regime I), both the transverse and longitudinal spin diffusions are suppressed by the scattering. In the strong scattering limit (l τ ≪ l Ω , l α , l c τ ), the longitudinal spin diffusions along thex andŷ-directions are insensitive to the scattering. Specifically, when l α ≪ l Ω , the longitudinal spin diffusion along theŷ-direction is robust against the scattering except with extremely weak scattering. We emphasize that this robust spin diffusion cannot be obtained from the over-simplified drift-diffusion model, where
45-50 From the drift-diffusion model, in Regime V with τ s (k) ∝ τ −1 k , one surely obtains that the spin diffusion length is irrelevant to the scattering. However, in Regimes I and II, i.e., the weak scattering regime defined in the conventional DP spin relaxation, 38,40,44 τ s (k) ≈ τ k . Hence it is obtained that l s ∝ τ k with the spin diffusion length suppressed by the scattering. One further notes that the experimental condition can be easily realized to observe this robust spin diffusion. On one hand, the spin diffu-sion is set to be along theŷ-direction with the initial spin polarization parallel to the Zeeman field; on the other hand, the Zeeman field is tuned to be much weaker than the spin-orbit coupled one by the laser field.
B. Zeeman field dependence
In this part, we address the Zeeman field dependence of the transverse and longitudinal spin diffusions along thex-[ Fig. 4(a) ] andŷ-directions [ Fig. 4(b) ]. The SOC strength is set to be α 0 and the spin polarization is chosen to be P = 20%. Here, we mainly address the specific features in the Zeeman field dependence when the system lies in the moderate and strong scattering regimes, which can be realized by setting (V /V R ) 2 = 60 and (V /V R ) 2 = 10, respectively. We first focus on the case with (V /V R ) 2 = 60. When (V /V R ) 2 = 60, one observes from Figs. 4(a) and (b) that for the spin diffusion along bothx-andŷ-directions, the transverse diffusion length decreases with the increase of the Zeeman field, as shown by the red solid curve with squares. This is because when (V /V R ) 2 = 60, for the spin diffusion along thex-direction (ŷ-direction),
is satisfied. Hence, the system lies in Regime V. Accordingly, for the transverse spin diffusion along thex-direction (ŷ-direction), one obtains from Table. I (Table. II 
. Therefore, with the increase of the Zeeman field, the transverse spin diffusion length decreases. For the longitudinal spin diffusion, it is shown in Figs. 4(a) and (b) that no matter the spin diffusion is along thex-direction or theŷ-direction, the spin diffusion length is marginally influenced by the Zeeman field (blue dashed curve with squares). This anomalous behavior can be well understood from the analytical results in Regime V. For the longitudinal spin diffusion along
. Accordingly, in Regime V, the longitudinal spin diffusions along both thex-andŷ-directions are marginally influenced by the Zeeman field. Based on the drift-diffusion model, [45] [46] [47] [48] [49] [50] it is emphasized that this unique feature arises from the insensitivity of diffusion coefficient and SRT to the Zeeman field in the strong scattering limit.
We then analyze the case with (V /V R ) 2 = 10. We first divide the regimes for the spin diffusion along thex-and y-directions, respectively. For the spin diffusion along thex-direction, the regimes for the system are divided into
which are labelled by the red Roman numbers with the boundaries indicated by the red crosses at the upper frame of Fig. 4(a) . For the spin diffusion along theŷ-direction, when Ω 80E r and Ω 80E r , the system lies in Regimes IV and II, which are represented by the blue Roman numbers with the boundaries indicated by the blue crosses at the lower frame of Fig. 4(b) . It is shown in Figs. 4(a) and (b) that in Regime II, the transverse (longitudinal) diffusion length decreases slowly (increases) with the increase of the Zeeman field, represented by the red solid (blue dashed) curve with circles. This is because for the transverse spin diffusion along thex-direction (ŷ-direction), in Regime II, L
, with the diffusion length marginally influenced by the Zeeman field. For the longitudinal spin diffusion, in Regime II, L
, leading to the enhancement of the spin diffusion by the Zeeman field. We emphasize that this enhancement of the spin diffusion arises from the suppression of the longitudinal spin relaxation by the Zeeman field.
Finally, we emphasize the unique features in the Zeeman field dependence of the spin diffusions along thexandŷ-directions, which can be observed in the experiment. These unique features arise in the longitudinal situation, i.e., the initial spin polarization is parallel to the Zeeman field, for the spin diffusion along both thex-and y-directions. On one hand, when the scattering is strong with the system in Regime V, the longitudinal spin diffusion is marginally influenced by the Zeeman field; on the other hand, when the scattering is relatively weak and the Zeeman field is strong with the system in Regime II, the spin diffusion length is enhanced by the Zeeman field. These unique features can be understood in the framework of modified drift-diffusion model addressed in Sec. III. [45] [46] [47] [48] [49] [50] It is emphasized that here the drift-diffusion model is applicable, which is very different from the longitudinal spin diffusion along theŷ-direction in Regimes III and IV [the red solid curve with circles in Fig. 3(d) ] where the modified inhomogeneous broadening picture is used. We readdress that with the strong (weak) Zeeman and weak (strong) spin-orbit coupled fields, the condition to apply the modified drift-diffusion model/modified inhomogeneous broadening picure is that the initial spin polarization is parallel/perpendicular to the larger field.
C. SOC strength dependence
In this part, we analyze the SOC strength dependence of the transverse and longitudinal spin diffusions along thex-[ Fig. 5(a) ] andŷ-directions [ Fig. 5(b) ]. It has been well understood from the drift-diffusion model that in the strong scattering regime, the spin diffusion length is suppressed by the SOC (l s ∝ 1/|α|). [45] [46] [47] [48] [49] [50] In our study, besides the suppression of the spin diffusion length by the SOC, we find two unique features in the SOC strength dependence which can not be derived from the oversimplified drift-diffusion model: the spin diffusion length can be either marginally influenced or even enhanced by the SOC. These features can be realized when the system lies in the moderate and strong scattering regimes. Accordingly, in our calculation, the Zeeman field is set to be Ω = 45E r ; the scattering strengths are set to be (V /V R ) 2 = 100 and (V /V R ) 2 = 20, respectively. We first address the first unique feature, i.e., the marginal influence of the SOC on the spin diffusion. In Figs. 5(a) and (b), one observes that when (V /V R ) 2 = 100, no matter the spin diffusion is along thex-orŷ-direction in the transverse configuration (the gray dashed curve with squares), when α 4α 0 , the spin diffusion length is marginally influenced by the SOC. This is because when α 4α 0 , the system lies in Regime V
for the transverse spin diffusion along thex-direction (ŷ-direction). It is emphasized that this robustness of the spin diffusion to the SOC cannot be obtained from the drift- diffusion model. [45] [46] [47] [48] [49] [50] As we have addressed in Sec. III, in the transverse spin diffusion in Regime V, the inhomogeneous broadening has dominant influence on the spin diffusion.
We then analyze the second unique feature where the spin diffusion length can be enhanced by the SOC. For the spin diffusion along thex-direction, it is shown in Fig. 5(a) by the green (blue) dashed curve with circles that when (V /V R ) 2 = 20 with α 2α 0 , the transverse (longitudinal) spin diffusion is significantly enhanced by the SOC; for the spin diffusion along theŷ-direction, when (V /V R ) 2 = 20 with α 2α 0 the transverse spin diffusion length also increases with the increase of the SOC (the green dashed curve with circles). This can be understood as follows. When α 2α 0 , the system lies in Regime III. Accordingly, for the transverse (longitudinal)
. This unique feature is in contrast to the prediction of the drift-diffusion model.
45-50
In above sections, we have compared the analytical results [Eqs. (A9), (A10), (A15), (A19) and (A22)] with the numerical ones. Now, we address the general condition that the analytical results can be applied. It is noted that our analytical results are derived in the strong scattering regime with l τ l α , l Ω and then extended to the moderate scattering regime. The numerical calculations show that in the relatively strong and strong scattering regimes (l τ l α , l Ω ), the analytical results agree with the numerical ones fairly well; in the moderate scattering regime, the condition to use the analytical results is l Ω l τ < l α or l α l τ < l Ω , which are close to the boundary between the moderate and relatively strong scattering regimes. However, even when the system is away from the boundary between the moderate and strong scattering regimes, the dependencies of the spin diffusion on the scattering strength, Zeeman field and SOC strength are qualitatively correct in the moderate scattering regimes.
V. CONCLUSION AND DISCUSSION
In conclusion, we have investigated the steady-state spin diffusion for the 3D ultracold spin-orbit coupled 40 K gas by the KSBE approach 44 first analytically and then numerically. The spin diffusions along thex-and y-directions for the transverse (P||ẑ) and longitudinal (P||x) configurations are studied. It is first shown analytically that the behaviors of the steady-state spin diffusion in the four configurations (x-T,x-L,ŷ-T andŷ-L) are determined by three characteristic lengths: the mean free path l τ , the Zeeman oscillation length l Ω , and the SOC oscillation length l α . We have derived the spin diffusion lengths for the spin diffusions in the four configurations in the strong scattering regime, which are then extended to the weak scattering one. We further find that in different limits, the complex analytical reuslts can be reduced to different extremely simple forms, and correspodingly, the system can be divided into different regimes. Specifically, it is revealed that by tuning the scattering strength, the system can be divided into five regimes: I, weak scattering regime (l τ l Ω , l α ); II, Zeeman field-dominated moderate scattering regime (l Ω ≪ l τ ≪ l α ); III, SOCdominated moderate scattering regime (l α ≪ l τ ≪ l Ω ); IV, relatively strong scattering regime (l c τ ≪ l τ ≪ l Ω , l α ); V, strong scattering regime (l τ ≪ l Ω , l α , l c τ ). In different regimes, the corresponding behaviors of the spacial evolution of the spin polarization in the steady state are very rich, showing different dependencies on the scattering strength, Zeeman field and SOC strength. These dependencies are summarized in Table I (Table II) for the spin diffusion along thex-direction (ŷ-direction). Then the scattering strength, Zeeman field and SOC strength dependencies of the spin diffusions are numerically calculated and compared with the analytical ones. It is shown that the analytical results agree with the numerical ones fairly well in the relatively strong/strong scattering regime and the region close to the boundary between the moderate and relatively strong scattering regimes. However, it is found that even when the system is away from the strong scattering regime, the analytical results are still qualitatively correct in the moderate scattering regimes.
The rich behaviors of the spin diffusions in different regimes are hard to be understood in the framework of the previous simple drift-diffusion model [45] [46] [47] [48] [49] [50] or the direct inhomogeneous broadening [Eqs. (2) and (3)] picture 44, [51] [52] [53] [54] in the literature. In this work, we extend our previous inhomogeneous broadenings [Eqs. (2) and (3)] to the effective ones in Eqs. (20) and (21) [Eqs. (31) and (32)] for the spin diffusion along thex-direction (ŷ-direction). In the limit situation, we suggest reasonable pictures referred to as modified drift-diffusion model and modified inhomogeneous broadening picture to facilitate the understanding of the simple analytical results in Tables I and II. It is shown that the behaviors of the spin diffusions can be analyzed in the situation either with strong Zeeman and weak spin-orbit coupled fields (Regimes II and V) or weak Zeeman and strong spin-orbit coupled fields (Regimes III and IV). When the spin polarization is parallel (perpendicular) to the larger field between the Zeeman and spin-orbit coupled fields, the spin polarization cannot (can) rotate around the effective inhomogeneous broadening fields efficiently, and hence the modified drift-diffusion model (modified inhomogeneous broadening picture) can be used. In the modified drift-diffusion model, in the strong scattering regime, τ s (k) remains the SRT in the conventional DP mechanism; 29, 30, 32, 44 whereas in the moderate scattering regime, τ s (k) is replaced by the helix spin-flip rates determined in the helix space. 31, 39 In the modified inhomogeneous broadening picture, the behavior of the spin diffusion is determined by the effective inhomogeneous broadenings together with the spin-conserving scattering. Based on the modified drift-diffusion model and modified inhomogeneous broadening picture, apart from Regime IV, all the features in different regimes can be obtained. Below, we address several anomalous features of the spin diffusion, which are in contrast to both the simple drift-diffusion model and the direct inhomogeneous broadening picture.
In the scattering strength dependence, it is found that when l α ≪ l Ω , the longitudinal spin diffusion along thê y-direction is robust against the scattering even when the system is away from the strong scattering regime, which is in contrast to the simple drift-diffusion model. In that model, in the weak scattering regime, with l s ∝ k √ τ k /m, the spin diffusion length is suppressed by the scattering. In the Zeeman field dependence, when the system is in Regime II, the longitudinal spin diffusion is enhanced by the Zeeman field. This is in contrast to the prediction from the previous drift-diffusion model and the direct inhomogeneous broadening picture. In the simple drift-diffusion model, in the strong (weak) scattering regime, with l s ∝ 1/(m|α|) (l s ∝ k √ τ k /m), it is obtained that the diffusion length is irrelevant to the Zeeman field. In the direct inhomogeneous broadening picture, the spin diffusion is suppressed due to the enhancement of the inhomogenous broadening by the Zeeman field. Finally, in the SOC strength dependence, we find that the spin diffusion length can also be enhanced by the SOC in Regime III. This also goes beyond the prediction from the simple drift-diffusion model and the direct inhomogeneous broadening picture. In the simple drift-diffusion model, in the strong (weak) scattering regime, with l s ∝ 1/(m|α|) (l s ∝ k √ τ k /m), the spin diffusion length is suppressed (uninfluenced) by the SOC. In the direct inhomogeneous broadenings picture, the spin diffusion is uninfluenced (suppressed) for the spin diffusion along thex-direction (ŷ-direction). All these anomalous behaviors have been well understood from our modified drift-diffusion model and/or modified inhomogeneous broadening picture.
We emphasize that for the longitudinal spin diffusion along theŷ-direction, the robustness against the scattering strength exists in a wide range including both the strong and weak scattering regimes. It is noted that in the strong scattering regime, this feature has been predicted in the simple drift-diffusion model [45] [46] [47] [48] [49] and is also revealed in graphene by the KSBE approach. 50 In this work, we further extend it into the weak scattering regime. Moreover, it is found that in a wide range of the scattering, the corresponding diffusion length is only determined by the SOC strength, and hence also irrelevant to the atom density and temperature. One expects similar behavior in symmetric (110) quantum wells under a weak in-plane magnetic field with similar SOC. 38, 39, [64] [65] [66] [67] [68] Moreover, the enhancement of the longitudinal spin diffusion by the Zeeman field has not yet been reported in the literature, which is also expected to be observed in symmetric (110) quantum wells when the Zeeman energy larger than the spin-orbit coupled one.
Finally, we further compare the pictures of the spin diffusion provided in this work to understand the calculated results and those in the literature. In the previous works, the spin diffusion in the strong scattering regime have been extensively studied in the system with SOC, including semiconductors, 44,69-75 graphene 50,76-81 and recently monolayer MoS 2 .
82 Drift-diffusion model [45] [46] [47] [48] [49] and/or the inhomogeneous broadening picture 44, [51] [52] [53] [54] were used to understand the behaviors of the spin diffusion. In this work, the analytical results in the strong scattering regime are extended to the weak one and confirmed by the full numerical calculation. For the strong scattering regime, we further divide it into the relatively strong and strong scattering regimes; whereas for the weak scattering regime, we divide it into the moderate and weak scattering regimes. We find all the anomalous behaviors revealed in this work appear in the moderate and relatively strong scattering regimes. Furthermore, our modified drift-diffusion model and/or modified inhomogeneous broadening picture are used to understand the behaviors of the spin diffusion in all these regimes. It is found that in the moderate and strong scattering regimes, these pictures work well. However, in the relatively strong scattering regime, which lies in the crossover of the moderate and strong scattering regimes, these pictures fail to explain the behaviors of the spin diffusion along theŷ-direction. This is because for the drift-diffusion model, in the relatively strong scattering regime, it is too rough to consider the anisotropy between the diffusions along different directions. 50 Nevertheless, when the scattering is strong enough, this anisotropy in the spin diffusion behavior is vanished. Whereas for the inhomogeneous broadening picture, in this regime there exists strong competition between the effective inhomogeneous broadening and scattering, which makes the behavior of the spin diffusion complicated.
50,53,54
Spin diffusion along thex-direction
For the spin diffusion along thex-direction,ρ k is expanded by the Legendre function, which is written as T is written as 2 . In Eq. (A6), the real and imaginary parts of 1/λ x correspond to the diffusion length and oscillation length, respectively.
With ∆ = (q/2) 2 + (p/3) 3 where q = 2a 3 /27 − ab/3 + c and p = b − a 2 /3, it is demonstrated that in the moderate and strong scattering regimes, ∆ is always larger than zero. Therefore, there are one real root (Λ re ) and two complex conjugate roots (Λ im,± ) for λ 2 x in Eq. (A6), which are written as
Λ im,± = −(1/2)
Accordingly, the spin diffusion length for the single exponential decay, the spin diffusion length for the oscillation decay and the spin oscillation length are given by 
Therefore, the steady-state spin polarization S y or S z is determined by the oscillation decay with the decay length and oscillation length being 
respectively.
